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DERIVED MCKAY CORRESPONDENCE FOR GL(3,C)
YUJIRO KAWAMATA
Abstract. We prove that the equivariant derived category for a finite subgroup of
GL(3,C) has a semi-orthogonal decomposition into the derived category of a certain
partial resolution, called a maximal Q-factorial terminalization, of the corresponding
quotient singularity and a relative exceptional collection. This is a generalization of a
result of Bridgeland, King and Reid.
1. introduction
The main theorem of this paper is the following generalization of the classical derived
McKay correspondence for SL(2,C) to the case of GL(3,C):
Theorem 1. Let G be a finite subgroup of GL(3,C), and let X = C3/G be the quotient
variety. Let π : C3 → X be the projection, and define a Q-divisor B on X by an equality
π∗(KX+B) = KC3. Let Vj (j = 1, . . . ,m) be all the proper linear subspaces of C
3 whose in-
nertia subgroups Ij = {g ∈ G | g|Vj = Id} are non-trivial and not contained in SL(3,C), let
Dj = {g ∈ G | g(Vj) = Vj} be the corresponding decomposition groups, and let Gj = Dj/Ij
be the quotient groups acting on the Vj . Then there exist smooth affine varieties Zi
(i = 1, . . . , l) and a projective birational morphism f : Y → X from a normal variety with
only terminal quotient singularities, called a maximal Q-factorial terminalization for the
pair (X,B), such that there are fully faithful functors Φi : D
b(coh(Zi))→ D
b(coh([C3/G]))
for i = 1, . . . , l and Φ : Db(coh(Y˜ ))→ Db(coh([C3/G])) with a semi-orthogonal decomposi-
tion
Db(coh([C3/G])) ∼= 〈Φ1(D
b(coh(Z1))), . . . ,Φl(D
b(coh(Zl))),Φ(D
b(coh(Y˜ )))〉
where [C3/G] is a quotient stack, Y˜ is the smooth Deligne-Mumford stack associated to Y ,
and one of the following hold for each Zi (i = 1, . . . , l):
(0) dimZi = 0, and Zi ∼= Vj is the origin.
(1) dimZi = 1, Zi is a smooth rational affine curve, and there is a finite morphism
Zi → Vj/Gj to the quotient curve for some j.
(2) dimZi = 2, and Zi → Vj/Gj is the minimal resolution of singularities of the
quotient surface for some j.
The correspondence {1, . . . , l} → {1, . . . ,m} given by i 7→ j is not necessarily injective
nor surjective.
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If G ⊂ SL(3,C), then this is a theorem of Bridgeland-King-Reid [8]. In this case,
m = l = 0, Y is smooth, and the conclusion is reduced to the equivalence Db([C3/G]) ∼=
Db(coh(Y )).
We would like to call the terms on the right hand side except Φ0(D
b(coh(Z0))) a relative
exceptional collection because it is an exceptional collection if dimZi = 0 for all i ≥ 1.
A maximal Q-factorial terminalization is not unique, and the theorem holds for some
choice of it.
We shall explain the terminology and the background of the theorem in the next section.
The theorem is a special case of so-called “DK hypothesis”.
This work was partly done while the author stayed at National Taiwan University. The
author would like to thank Professor Jungkai Chen and National Center for Theoretical
Sciences of Taiwan of the hospitality and excellent working condition.
This work is partly supported by Grant-in-Aid for Scientific Research (A) 16H02141.
2. DK-hypothesis
DK-hypothesis is a working hypothesis saying that equalities and inequalities of canon-
ical divisors correspond to equivalences and semi-orthogonal decompositions of derived
categories ([22], [26]).
We can compare R-Cartier divisors on different but birationally equivalent normal va-
rieties, i.e., B = C, or B ≥ C, if the pull-backs of B and C coincide as divisors on some
sufficiently high model, or the pull-backs of B is larger than that of C, respectively. More
precisely, suppose that there is a proper birational map α : X 99K Y between normal
varieties, and let B and C be R-Cartier divisors on X and Y , respectively. Then there is
a third normal variety Z with proper birational morphisms f : Z → X and g : Z → Y
such that α = g ◦ f−1. In this case, we say B = C (resp. B ≥ C) if f∗B = g∗C (resp.
f∗B ≥ g∗C). We note that this definition does not depend on the choice of the third model
Z, but only on α.
The canonical divisor KX of a normal algebraic variety X is the basic invariant for the
classification of varieties. The minimal model program is the process consisting of bira-
tional maps which decrease the canonical divisors. The canonical divisors of two projective
varieties linked by a proper birational map α : X 99K Y are compared by using the same
rational canonical differential form of the function field.
In the minimal model program, it is better to deal with pairs instead of varieties. This
is so-called “log” philosophy. Let (X,B) be a pair of a normal variety X and an effective
R-divisor B such that KX +B, the log canonical divisor, is an R-Cartier divisor. A prime
divisor E above X is the one which appears as a prime divisor on a normal variety Y with
a birational morphism f : Y → X. The coefficient e of E is defined to be the coefficient in
the expression f∗(KX+B) = KY +eE+other components. −e is called the discrepancy of
E and 1− e the log discrepancy. The coefficient does not depend on the choice of a higher
model Y but only on the discrete valuation of k(X) determined by E. The pair is called
KLT if e < 1 for any prime divisor above X.
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It is important to note that the canonical divisor of a smooth projective variety is
a categorical invariant. Let Db(coh(X)) be the bounded derived category of a smooth
projective variety X. Then the Serre functor SX is given by SX(a) = a ⊗ ωX [dimX] for
any a ∈ Db(coh(X)), where ω = OX(KX) is the canonical sheaf. Serre functor satisfies
a bifunctorial formula Hom(a, b)∗ ∼= Hom(b, SX(a)) for a, b ∈ D
b(coh(X)). Here we note
that Hom(a, b) is a finite dimensional vector space over the base field, and the functor SX
is uniquely determined by this formula.
In general, let D be a triangulated category, and let Ai (i = 1, . . . , l) be triangulated
full subcategories. We say that there is a semi-orthogonal decomposition (SOD) D =
〈A1, . . . ,Al〉 if the following conditions are satisfied:
(1) For any object d ∈ D, there exist objects ai ∈ Ai and distinguished triangles
ai+1 → di+1 → di → ai+1[1] (i = 1, . . . , l − 1) for some di ∈ D such that d1 = a1
and dl = d.
(2) Hom(ai, aj) = 0 if ai ∈ Ai, aj ∈ Aj, and i > j.
DK-hypothesis is a working hypothesis stating that the inequalities of the canonical
divisors KX , or more generally the log canonical divisors KX + B, and the SOD’s of the
suitably defined derived categories D(X) or D(X,B) are parallel; the following should be
equivalent:
• KX = KY (resp. KX ≥ KY ), or KX +B = KY + C (resp. KX +B ≥ KY + C).
• D(X) ∼= D(Y ) (resp. D(X) = 〈A,D(Y )〉 for some A), or D(X,B) ∼= D(Y,C)
(resp. D(X,B) = 〈A,D(Y,C)〉 for some A).
If X is a smooth projective variety, then the bounded derived category of coherent
sheavesD(X) = Db(coh(X)) works well. But the definition of D(X) should be modified
according to the situations. Indeed the minimal model program requires that we consider
pairs (X,B) with singularities. IfX has only quotient singularities, then we should consider
the smooth Deligne-Mumford stack associated to X as manifested in [21]. If we consider a
pair (X,B), then we should define D(X,B) suitably. There is still ambiguity.
This parallelism between MMP and SOD are first observed by Bondal and Orlov in the
following example ([5]):
Example 2. (1) Let f : X → Y be a blowing up of a smooth projective variety Y
with a smooth center F of codimension c and the exceptional divisor E. Then KX =
f∗KY + (c− 1)E. Correspondingly, there is an SOD:
Db(coh(X))
= 〈j∗g
∗Db(coh(F ))⊗OE((−c+ 1)E), . . . , j∗g
∗Db(coh(F )) ⊗OE(−E), f
∗Db(coh(Y ))〉
where j : E → X and g : E → F are natural morphisms.
(2) Let X be a smooth projective variety of dimension m+n+1 containing a subvariety
E ∼= Pm whose normal bundle is isomorphic to OPm(−1)
⊕n+1. Assume that m ≥ n. Let
f : Z → X be the blowing up with center E with the exceptional divisor G ∼= Pm × Pn,
and let g : Z → Y be the blowing down of G to another direction. Let F = g(G) ∼= Pn.
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Then f∗KX = g
∗KY + (m− n)G. Correspondingly, there is an SOD:
Db(coh(X)) = 〈j∗OE(−m+ n), . . . , j∗OE(−1), f∗g
∗Db(coh(Y ))〉
where j : E → X is a natural morphisms.
We note that (1) (resp. (2)) is a special case of a divisorial contraction (resp. flip) in
the MMP.
If we take the unbounded derived category of quasi-coherent sheaves D(Qcoh(X)), then
the DK-hypothesis does not work well:
Example 3. Let f : X → Y be a projective birational morphism of normal varieties such
that Rf∗OX ∼= OY . Then the pull-back functor Lf
∗ : D(Qcoh(Y ))→ D(Qcoh(X)) is fully-
faithful, and there is a semi-orthogonal decompositionD(Qcoh(X)) = 〈C, Lf∗D(Qcoh(Y ))〉
for C = {c ∈ D(Qcoh(X)) | Rf∗c = 0}.
For example, let a cyclic group G ∼= Z/rZ act on an affine spaceM = Cn diagonally with
the same weight, and let Y = M/G be the quotient space. It has a quotient singularity
of type 1/r(1, . . . , 1), and the blowing up at the singular point f : X → Y is a resolution
of singularities. Let E ∼= Pn−1 be the exceptional locus of f . Then we have KX =
f∗KY + (n − r)/rE. Thus KX < KY if n < r, but the unbounded derived categories of
quasi-coherent sheaves are related by fully faithful inclusions of opposite direction.
Therefore the unbounded derived category of quasi-coherent sheaves does not detect
the level of the canonical divisor when there are singularities. We note that quotient
singularities, which are considered as pairs with 0 boundaries, are typical KLT singularities,
the singularities which appear naturally in the minimal model program (KLT pair is defined
in the next section). In this sense, the category D(Qcoh(X)) is too big to answer subtle
questions such as the MMP.
The DK hypothesis works well if we replace a variety having quotient singularities by a
Deligne-Mumford stack:
Example 4. We continue Example 3. We consider the quotient stack Y˜ = [M/G] instead of
the quotient variety Y =M/G. Then a coherent sheaf on Y˜ is nothing but a G-equivariant
coherent sheaf on M . Thus we have an equivalence Db(coh(Y˜ )) ∼= Db(cohG(M)).
Let g :M ′ →M be the blowing-up at the origin Q ∈M . Then G acts onM ′ and we have
an isomorphismM ′/G ∼= X. Let h :M ′ → X be the projection. Let OQ(i) ∈ D
b(cohG(M))
(0 ≤ i < r) be a skyscraper sheaf of length 1 supported at the origin Q ∈ M on which G
acts by weight i.
If n ≤ r, then a functor Φ : Db(coh(X)) → Db(cohG(M)) defined by Φ(b) = Rg∗Lh
∗(b)
is fully faithful, and we have a semi-orthogonal decomposition
Db(cohG(M)) = 〈OQ(r − n), . . . ,OQ(1),Φ(D
b(coh(X)))〉.
If n ≥ r, then a functor Ψ : Db(cohG(M))→ Db(coh(X)) defined by Ψ(a) = (Rh∗Lg
∗(a))G
is fully faithful, and we have a semi-orthogonal decomposition
Db(coh(X)) = 〈OE(−n+ r), . . . ,OE(−1),Ψ(D
b(cohG(M)))〉.
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The derived McKay correspondence is a special case of DK-hypothesis:
Theorem 5 ([14], [18]). Let G ⊂ SL(2,C) be a finite subgroup acting naturally on M =
C2, let Y = M/G be the quotient space, and let f : X → Y be the minimal resolution
of singularities. Let M ′ = X ×Y M be the fiber product with projections p : M
′ → X
and q : M ′ → M . Then the functor Φ = Rq∗Lp
∗ : Db(coh(X)) → Db(cohG(M)) is an
equivalence.
The derived McKay correspondence is extended to the case G ⊂ SL(3,C) ([8]) and G ⊂
GL(2,C) ([16],[28]). The purpose of this paper is to extend it to the case G ⊂ GL(3,C).
An important special case of K-equivalence, a proper birational map which does not
change the level of canonical divisors, is a flop. A flop is a diagram as follows
X
f
−−−−→ Y
g
←−−−− Z
where f and g are projective birational morphisms which are isomorphisms in codimension
1, ρ(X/Y ) = ρ(Z/Y ) = 1 (relative Picard numbers), and such that KX = f
∗KY and
KZ = g
∗KY . The DK-hypothesis predicts that D(X) ∼= D(Y ) for suitable interpretations.
There are positive answers in many cases ([7], [12], [31], [30], [22], [17], [3], [10], [13], [1],
[15], [11]).
The following proposition supports the DK-hypothesis in the case of inequalities:
Proposition 6. Let X and Y be smooth projective varieties. Assume the following condi-
tions:
(1) There is a fully faithful functor j∗ : D
b(coh(X)) → Db(coh(Y )) with a kernel P ∈
Db(coh(X × Y ).
(2) There are an irreducible component Z of the support of P and open dense subsets
Xo, Y o, Zo of X,Y,Z, respectively, such that p1 : Z
o → Xo and p2 : Z
o → Y o are isomor-
phisms and P |Xo×Y o ∼= O∆Xo .
Then there is an inequality p∗1KX ≤ p
∗
2KY on Z.
Proof. Let j! be the right adjoint functor of j∗. There is an adjunction morphism j∗j
! → 1.
Let SX and SY be the Serre functors on D
b(coh(X)) and Db(coh(Y )), respectively. Then
we have SX = j
!SY j∗. Thus there is a morphism of functors j∗SX = j∗j
!SY j∗ → SY j∗.
The kernels of j∗SX and SY j∗ are given by p
∗
1ωX ⊗ P and P ⊗ p
∗
2ωY , respectively.
Therefore there is a morphism
f : p∗1ωX ⊗ P → P ⊗ p
∗
2ωY .
Since f |Xo×Y o is an isomorphism, f gives an inequality p
∗
1KX ≤ p
∗
2KY . 
We have similar statement for smooth Deligne-Mumford stacks associated to projective
varieties with only quotient singularities,
3. toroidal case
We recall results on the change of derived categories under the toroidal MMP.
Let (X,B) be a pair consisting of a toroidal Q-factorial variety X whose boundary has
no self-intersection and a toroidal Q-divisor B whose coefficients belong to the standard
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set {1− 1/e | e ∈ Z>0}. We call such a pair simply a toroidal Q-factorial KLT pair in this
paper.
For a toroidal Q-factorial KLT pair (X,B), the variety X has only quotient singularities,
i.e., there is a quasi-finite and surjective morphism π′ : X ′ → X from a smooth scheme,
which may be reducible, such that π′ is e´tale over the smooth locus of X, and that the pull-
back B′ = (π′)∗B is supported by a simple normal crossing divisor. Then there is a quasi-
finite surjective morphism π′′ : X ′′ → X ′ from a smooth scheme whose ramification is given
by the formula (π′′)∗(KX′ +B
′) = KX′′ . The covering morphism π
′ ◦ π′′ : X ′′ → X defines
a structure of a smooth Deligne-Mumford stack X˜ with a bijective morphism π : X˜ → X
such that π∗(KX +B) = KX˜ . We call X˜ the smooth Deligne-Mumford stack associated to
the pair (X,B). It is independent of the choice of π′ and π′′ but only on the pair (X,B).
Toroidal singularities are abelian quotient singularities. But this construction works for
any quotient singularities.
We start with the case of Mori fiber spaces:
Theorem 7 ([24]). Let (X,B) be a toroidal Q-factorial KLT pair, let Y be another toroidal
variety whose boundary has no self-intersection, and let f : X → Y be a projective surjective
toroidal morphism with connected fibers such that dimY < dimX, ρ(X/Y ) = 1 for the
relative Picard number, and that −(KX +B) is f -ample. Then the following hold:
(1) There exists a toroidal Q-divisor C on Y such that (Y,C) is a toroidal Q-factorial
KLT pair, and f induces a smooth morphism f˜ : X˜ → Y˜ between smooth Deligne-Mumford
stacks associated to the pairs (X,B) and (Y,C).
(2) There exist an integer l and fully faithful functors Φi : D
b(coh(Y˜ )) → Db(coh(X˜))
for i = 1, . . . , l such that there is a semi-orthogonal decomposition:
Db(coh(X˜)) = 〈Φ1(D
b(coh(Y˜ ))), . . . ,Φl(D
b(coh(Y˜ )))〉.
It is natural to consider the pairs instead of varieties because we have to consider them.
Indeed C can be non-zero even if B = 0. X˜ is smooth even if X is singular, and f˜ is
smooth even if f has singular fibers.
The DK hypothesis works well in the case of toroidal MMP if we replace varieties and
pairs by their associated stacks:
Theorem 8 ([23], [24], [27], [28]). Let (X,B) and (Y,C) be toroidal Q-factorial KLT pairs,
and let X˜ and Y˜ be the smooth Deligne-Mumford stacks associated to them. Assume that
one of the following conditions hold:
(1) X = Y , B ≥ C, and the support of B − C is a prime divisor.
(2) There is a toroidal projective birational morphism f : X → Y whose exceptional
locus is a prime divisor and such that KX +B ≥ f
∗(KY + C) and C = f∗B.
(3) There is a toroidal projective birational morphism f : Y → X whose exceptional
locus is a prime divisor and such that f∗(KX +B) ≥ KY + C and B = f∗C.
(4) There is a toroidal birational map f : X 99K Y which is factorized as f = f−12 ◦ f1
by toroidal projective birational morphisms f1 : X → Z and f2 : Y → Z whose
exceptional loci have codimension at least 2 and such that ρ(X/Z) = ρ(Y/Z) = 1.
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Moreover α∗(KX + B) ≥ β
∗(KY + C) for some projective birational morphisms
α :W → X and β :W → Y from another variety W .
Then there is a toroidal Q-factorial KLT pair (F,BF ) with an integer l in the cases
except (4) (resp. toroidal Q-factorial KLT pairs (Fj , BFj ) with integers lj for j = 1, . . . ,m
in the case (4)) such that there are fully faithful functors Φi : D
b(coh(F˜ )) → Db(coh(X˜))
(i = 1, . . . , l) (resp. Φi,j : D
b(coh(F˜j)) → D
b(coh(X˜)) (i = 1, . . . , lj , j = 1, . . . ,m))) and
Φ : Db(coh(Y˜ ))→ Db(coh(X˜)) with a semi-orthogonal decomposition
Db(coh(X˜)) = 〈Φ1(D
b(coh(F˜ ))), . . . ,Φl(D
b(coh(F˜ ))),Φ(Db(coh(Y˜ )))〉
(resp. Db(coh(X˜)) = 〈Φi,j(D
b(coh(F˜j)))i,j ,Φ(D
b(coh(Y˜ )))〉), where F˜ (reps. F˜j) is the
smooth Deligne-Mumford stack associated to the pair (F,BF ) (resp. (Fj , BFj)). Moreover
the pairs (F,BF ) and (Fj , BFj ) appear in the following way in the cases (1) through (4):
(1) F is the support of B − C.
(2) For the exceptional divisor E of f , the induced morphism f |E : E → f(E) is a
Mori fiber space, and F = f(E).
(3) The same as the case (2).
(4) For the connected components Ej of the exceptional locus of f1, the induced mor-
phisms f1|Ej : Ej → f1(Ej) are Mori fiber spaces, and Fj = f1(Ej).
The boundary divisors BF and BFj are determined by suitable adjunctions.
Proof. The proofs in [24] and [27] on the toric case can be extended to the toroidsl case,
because the fully faithfulness of functors can be checked locally by [6] Theorem 2.3.
In the case (4), we note that the exceptional locus of f1 is irreducible in the toric case,
but it is not necessary the case in the toroidal case. Therefore we need possibly more than
one Fj ’s.
In the case (1), the semi-orthogonal complement of the image Φ(Db(coh(Y˜ ))) is not
described in [23] Theorem 4.2. So we do this here.
We use the notation of loc cit. We have B =
∑
(1 − 1/ri)Di, C =
∑
(1 − 1/si)Di,
and ri ≥ si with equalities for i 6= 1. We set F = D1. A toroidal line bundle on Y˜ is
in the form L(m) = OY˜ (m) with m =
∑
(mi/si)v
∗
i , where {v
∗
i } is the basis of monomials
on X = Y which are dual to the vectors {vi} corresponding to the divisors {Di}. Thus
OY˜ (m) = OY˜ (−
∑
(mi/si)Di) = OY˜ (−
∑
miD˜Y,i), where the D˜Y,i are prime divisors on
Y˜ above the Di. We have H
0(Y˜ ,OY˜ (m))
∼= H0(Y,OY (−
∑
pmi/siqDi)). We have similar
expressions on X˜ and D˜X,i.
The image of L(m) by Φ is a line bundle Φ(L(m)) = OX˜(φ(m)) on X˜ with φ(m) =∑
(pmiri/siq/ri)v
∗
i . It is already proved that Φ is a fully faithful functor, because p(mi −
m′i)/siq = p(pmiri/siq− pm
′
iri/siq)/riq.
The lattice corresponding to the toroidal variety F = D1 is given by NF = NX/Zv1,
where NX is the lattice for X. Let ti be the integers such that vi mod Zv1 = tiv¯i for i 6= 1,
where the v¯i are primitive vectors in NF . Then we define the boundary Q-divisor on F by
BF =
∑
i 6=1(1 − 1/riti)DF,i with the set theoretic intersection DF,i = Di ∩ F . Let F˜ be
8 YUJIRO KAWAMATA
the Deligne-Mumford stack associated to the pair (F,BF ). Let D˜F,i be prime divisors on
F˜ above the DF,i for i 6= 1.
A line bundle on F˜ is of the form LF (m) = OF˜ (m) with m =
∑
i 6=1(mi/riti)v¯
∗
i , where
{v¯∗i } is the basis of monomials on F which are dual to the vectors {v¯i} corresponding to
the divisors {DF,i}. Let E˜ = F˜ ×X X˜ be the fiber product with projections α : E˜ → F˜
and β : E˜ → X˜.
We give more geometric descriptions of the above local models. Let M = Cn, and let an
abelian group G act on M faithfully and diagonally, such that X = Cn/G is the quotient
variety. The associated stack X˜ = [Cn/G] is a global quotient stack. The divisors Di are
the images of the coordinate hyperplanes Hi of M . We have F = D1. Let I = {g ∈ G |
g|H1 = Id}. Then G¯ = G/I acts faithfully on H1, and F = H1/G¯. We have F˜ = [H1/G¯]
and E˜ = [H1/G].
We consider a functor Φ0 = β∗α
∗ : Db(coh(F˜ ))→ Db(coh(X˜)):
Lemma 9. Φ0 is fully faithful.
Proof. We have β : E˜ ∼= D˜X,1 and Φ0(LF (m)) = OD˜X,1(−
∑
i 6=1miD˜X,i). For LF (m) =
OF˜ (m) and LF (m
′) = OF˜ (m
′) with m =
∑
i 6=1(mi/riti)v¯
∗
i and m
′ =
∑
i 6=1(m
′
i/riti)v¯
∗
i , we
have
Hom(LF (m), LF (m
′)) ∼= H0(F˜ ,OF˜ (m
′ −m))
∼= H0(F,OF (−
∑
i 6=1
p(m′i −mi)/ritiqDF,i))
∼= H0(D˜X,1,OD˜X,1(−
∑
i 6=1
(m′i −mi)D˜X,i)
∼= Hom(Φ0(LF (m)),Φ0(LF (m
′))).

Let Λ = {k ∈ Z | 0 ≤ k < r1} \ {k | ∃m1, k = pm1r1/s1q}. For each k ∈ Λ, we define
a fully faithful functor Φk : D
b(coh(F˜ ))→ Db(coh(X˜)) by Φk(a) = Φ0(a)⊗OX˜(−kD˜X,1).
We note that OD˜X,1(−r1D˜X,1) is the image of an invertible sheaf on F˜ by Φ0, so that we
put the condition 0 ≤ k < r1.
The assertion of the theorem is proved by the following lemma. 
Lemma 10. (1) Hom(a, b[p]) = 0 for all p if a ∈ Φ(Db(coh(Y˜ ))) and b ∈ Φk(D
b(coh(F˜ ))).
(2) Hom(a, b[p]) = 0 for all p if a ∈ Φk(D
b(coh(F˜ ))) and b ∈ Φk′(D
b(coh(F˜ ))) with
k < k′.
(3) Db(coh(X˜)) is generated by Φ(Db(coh(Y˜ ))) and the Φk(D
b(coh(F˜ ))).
Proof. (1) We have α∗OD˜X,1(−
∑
imiD˜X,i)
∼= 0 if r1 6 |m1. Therefore
Hom(OX˜(−
∑
i
pmiri/siqD˜X,i),OD˜X,1(−kD˜X,1 −
∑
i 6=1
m′iD˜X,i)[p]) = 0
for all p.
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(2) There are exact sequences
0→ OX˜(−(k + 1)D˜X,1 −
∑
i 6=1
miD˜X,i)→ OX˜(−kD˜X,1 −
∑
i 6=1
miD˜X,i)
→ OD˜X,1(−kD˜X,1 −
∑
i 6=1
miD˜X,i)→ 0.
Therefore the subcategory generated by Φ(Db(coh(Y˜ ))) and the Φk(D
b(coh(F˜ ))) contains
OX˜(−
∑
imiD˜X,i) for all mi’s, thus coincides with the whole category. 
4. known results
We collect known results which are used in the proof of our result. We use the termi-
nology of the minimal model program (MMP) as in [19].
We start with the derived McKay correspondence theorem for SL(3,C) by Bridgeland-
King-Reid:
Theorem 11 ([8]). Let G ⊂ SL(3,C) be a finite subgroup which acts naturally onM = C3.
Let X = M/G be the quotient space. Let Y = G-Hilb(M) be the closed subscheme of the
Hilbert scheme of M consisting of G-invariant 0-dimensional subschemes Z ⊂M such that
H0(OZ) ∼= C[G] as G-modules. Let Z ⊂ Y ×M be the universal closed subscheme with
natural morphisms p : Z → Y and q : Z →M . Then Y is smooth and the natural morphism
f : Y → X, called the Hilbert-Chow morphism, is a crepant resolution of singularities, i.e.,
a projective birational morphism such that KY = f
∗KX . Moreover there is an equivalence
of triangulated categories
Φ = Rq∗p
∗ : Db(coh(Y ))→ Db(cohG(M)).
The following is one of the main results of the Minimal Model Program (MMP):
Theorem 12 ([4]). Let (X,B) be a KLT pair consisting of a normal variety and an R-
divisor, and let f : X → S be a projective morphism to another variety. Assume that B is
big over S. Then there is an MMP for (X,B) over S which terminates to yield a minimal
model or a Mori fiber space.
We note that B is automatically big if f is a birational morphism. In this case, there is
no possibility of a Mori fiber space. We also need the following result from the MMP:
Theorem 13 ([20]). Let f : X → Y be a contraction morphism from a KLT pair (X,B)
in the minimal model program. Then the exceptional locus of f , i.e., the closed subset of
X consisting of all points where f is not an isomorphism, is covered by a family of rational
curves which are mapped to points by f .
Let X be a smooth Deligne-Mumford stack whose coarse moduli space is projective.
Then the Hochschild homology is defined by HHm(X) = HomX×X(O∆, ω∆[dimX −m]),
where ∆ denotes the diagonal and ω is a canonical sheaf.
Hochschild homology is related to the Hodge decomposition:
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Theorem 14 (Hochschild-Kostant-Rosenberg isomorphism [9]). There is an isomorphism
HHm(X) ∼=
⊕
p−q=mH
q(X,ΩpX ).
Hochschild homology is additive for SOD:
Theorem 15 ([29]). Let X˜ and Y˜i (i = 1, . . . , l) be smooth Deligne-Mumford stacks
whose coarse moduli spaces are projective. Assume that there are fully faithful functors
Φi : D
b(Y˜i) → D
b(X˜) such that there is a semi-orthogonal decomposition Db(X˜) =
〈Φ1(D
b(Y˜1)), . . . ,Φl(D
b(Y˜l))〉. Then there is an isomorphism of Hochschild homologies
HHm(X˜) ∼=
⊕l
i=1HHm(Y˜i) for all m.
5. maximal Q-factorial terminalization
There exists a minimal Q-factorial terminalization for any singularities by [4]. We define
maximal Q-factorial terminalization for KLT pairs in this section.
Definition 16. Let (X,B) be a KLT pair of a normal variety and an R-divisor. A projec-
tive birational morphism f : Y → X is said to be a maximal Q-factorial terminalization if
the following conditions are satisfied:
• Y has only Q-factorial and terminal singularities.
• The set of exceptional divisors of f coincides with the set of all prime divisors above
X whose coefficients are non-negative.
For any normal varietyX, a minimalQ-factorial terminalization is a projective birational
morphism f : Y → X such that Y has only Q-factorial and terminal singularities and that
KY is f -nef. If KX is a Q-Cartier divisor, then any exceptional divisor of f has non-
negative coefficient. But we may blow up Y further while preserving the non-negativity of
the coefficients (see the example below). This is why we use the term “maximal”.
A minimal Q-factorial terminalization is not unique in dimension ≥ 3. But they are all
K-equivalent, i.e., the canonical divisors KY are equivalent. Hence they are connected by
flops ([25]), and we expect that they have equivalent derived categories if they are suitably
defined. A maximal Q-factorial terminalization is not unique either in dimension ≥ 3.
But we cannot expect that they are K-equivalent, and their derived categories are not
expected to be equivalent either. Our main theorem is valid for one maximal Q-factorial
terminalization, but not necessarily for any other maximal Q-factorial terminalizations.
Theorem 17. Let (X,B) be a Q-factorial KLT pair of a normal variety and an R-divisor.
(1) There exists a maximal Q-factorial terminalization of (X,B).
Let f : Y → (X,B) be any maximal Q-factorial terminalization. Denote KY+BY+EY =
f∗(KX +B), where BY is the strict transform of B.
(2) There is a week MMP for −(KY +BY ) over X in the following sense: f is decom-
posed into a sequence of birational maps
Y = Y0 99K Y1 99K · · · 99K Yl = X
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such that each αi : Yi−1 → Yi is either a divisorial contraction or a flip for some
MMP, and that KYi−1 + BYi−1 ≤ KYi + BYi for all i, where the BYi are the strict
transforms of B.
(3) Any other maximal Q-factorial terminalizations are connected by flops with respect
to KY +BY + EY over X.
(4) If there is a reduced divisor B¯ such that Supp(B) ⊂ B¯ and that (X, B¯) is a toroidal
pair, then all birational maps αi are toroidal for suitable toroidal pairs, and any
other maximal Q-factorial terminalizations are connected by toroidal flops.
Proof. (1) Let g : Z → X be a log resolution, and writeKZ+BZ+EZ = g
∗(KX+B), where
BZ is the strict transform of B. By blowing up further if necessary, we may assume that
irreducible components of EZ with non-negative coefficients are disjoint each other. Thus
all prime divisors over X with non-negative coefficients already appear on Z. We write
EZ = E
+
Z −E
−
Z with effective divisors E
+
Z , E
−
Z without common irreducible components.
We run an MMP for the KLT pair (Z,BZ+E
+
Z ) over X using [4]. Since KZ+BZ+E
+
Z ≡
E−Z over X, all irreducible components of E
−
Z are contracted during the MMP, while no
other prime divisors are contracted, and we obtain a maximal Q-factorial terminalization
f : Y → X.
(2) We run an MMP for a KLT pair (Y,BY + (1 + ǫ)EY ) over X for a small positive
number ǫ. Since KY +BY + (1 + ǫ)EY ≡ ǫEY ≡ −ǫ(KY +BY ) over X, all the irreducible
components of EY are contracted, while the strict transforms of −(KY +BY ) are strictly
decreasing during the MMP. This step is an MMP for −(KY +BY ).
We contract all other exceptional divisors in the next step which consists of flops and
log crepant contractions for the strict transforms of KY + BY . Let f1 : (Y1, BY1)→ X be
the morphism obtained in the previous step. We have KY1 +BY1 = f
∗
1 (KX +B). Let F be
the exceptional locus of f1. We run an MMP for (Y1, BY1 + ǫF ) over X for small ǫ. Then
all irreducible components of F are eventually contracted. Since KY1 +BY1 is numerically
trivial, the strict transforms of KY1 +BY1 remain constant.
(3) Since KY +BY + EY is numerically trivial over X, the assertion follows from [25].
(4) We take a toroidal log resolution g : (Y, C¯) → (X, B¯) such that Y \ C¯ ∼= X \ B¯.
Then our MMP over X becomes toroidal automatically. The connecting flops are also
automatically toroidal. 
Example 18. Let X be a 2-dimensional cyclic quotient singularity of type 115 (1, 4). We
consider a pair (X, 0).
The minimal resolution f1 : Y1 → X has two exceptional curves C1, C2 with C
2
i = −4.
We have KY1+
2
3(C1+C2). Blow up Y1 at C1∩C2 to obtain f2 : Y2 → Y1 with an exceptional
curve C3. Then blow up C3 ∩ (C
′
1 ∪ C
′
2) to obtain f3 : Y3 → Y2 with exceptional curves
C4, C5, where the symbol
′ denotes the strict transform. Then the composition f : Y → X
is the maximal resolution. We have KY = f
∗KX +
∑5
i=1 eiEi with e1 = e2 =
2
3 , e3 =
1
3
and e4 = e5 = 0, where Ei = C
′′
i for i = 1, 2, E3 = C
′
3 and Ei = Ci for i = 4, 5.
If we choose small positive numbers ǫi, then we can run an MMP for (Y,E) with E =∑
i(ei + ǫi)Ei over X. The final output is always X itself, but there are many possibilities
of the order of contractions, some of them are via the minimal resolution and others not.
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For a maximal Q-factorial terminalization f : Y → X of a quotient singularity, we
have KY ≤ KX . Therefore we can expect a semi-orthogonal decomposition according to
the DK-hypothesis of the form D(X) = 〈C,D(Y )〉. Moreover we expect that the derived
category of a maximal Q-factorial terminalization is further decomposed into the derived
category of a minimal Q-factorial terminalization and its right orthogonal, because the
canonical divisor of the minimal Q-factorial terminalization is in general strictly smaller
than that of the maximal Q-factorial terminalization.
6. compactification
We consider a finite subgroup G ⊂ GL(n,C) acting naturally on Cn for arbitrary n.
The action of G is extended to a compactification Pn of Cn.
Let ρ : G→ End(Eρ) be an irreducible representation of G. We define a corresponding
G-equivariant locally free sheaf on Pn by Vρ = Eρ ⊗C OPn , where the action of G is
diagonal, i.e., g(v ⊗ s) = g(v) ⊗ (g−1)∗(s) for v ∈ Eρ and s ∈ Γ(U,OPn), where U is a
G-stable open subset.
The derived category Db(coh([Cn/G])) is generated by their restrictions Vρ|Cn for all ρ.
We consider Db(coh([Pn/G])) in the following theorem.
Let L = Pn\Cn be the G-stable hyperplane at infinity. We write Vρ(iL) = Vρ⊗OPn(iL).
Let π : Pn → [Pn/G] be a natural projection.
Theorem 19. (1) π∗OPn ∼=
⊕
ρ V
⊕ dimEρ
ρ .
(2) The derived category of the quotient stack [Pn/G] has a full exceptional collection
consisting of the sheaves Vρ(iL) for all ρ and −n ≤ i ≤ 0:
Db(coh([Pn/G])) = 〈〈Vρ(−nL)〉ρ, . . . , 〈Vρ〉ρ〉.
(3) HHm([P
n/G]) = 0 for m 6= 0.
Proof. (1) We have a canonical decomposition C[G] ∼=
⊕
ρE
⊕ dimEρ
ρ . This decomposition
will be globalized. Since π is e´tale, π∗OPn is locally free, and π
∗π∗OPn ∼= C[G]⊗OPn . We
have π∗Vρ ∼= O
dimEρ
Pn
. Hence
Hom[Pn/G](Vρ, π∗OPn) ∼= HomPn(π
∗Vρ,OPn) ∼= C
dimEρ .
Therefore we obtain our result.
(2) We have Db(Pn) = 〈OPn(−nL), . . . ,OPn〉 by Beilinson [2]. We have a canonical
decomposition
π∗OPn(iL) ∼=
⊕
ρ
Vρ(iL)
dimEρ .
Since π is e´tale, we have Hom[Pn/G](π∗OPn(i), a) ∼= HomPn(OPn(i), π
∗a) for a ∈ Db([Pn/G]).
Therefore Db([Pn/G]) is generated by the Vρ(iL) for all ρ and −n ≤ i ≤ 0.
If −n ≤ j − i < 0, we have
Hom[Pn/G](Vρ(iL),Vρ′(jL)[m]) = (Eρ∗ ⊗ Eρ′ ⊗H
m(Pn,OPn((j − i)L)))
G = 0
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for all m. On the other hand, we have
Hom[Pn/G](Vρ(iL),Vρ′(iL)[m]) = (Eρ∗⊗Eρ′⊗H
m(Pn,OPn))
G =
{
C if ρ = ρ′ and m = 0
0 otherwise.
Therefore (Vρ(iL)) with a suitable order is an exceptional collection.
(3) This is due to the additivity of the Hochschild homology (Theorem 15). 
7. proof of Theorem 1
Step 1.
Let H = G ∩ SL(3,C). Then H is a normal subgroup of G, and G/H ∼= Zr is a cyclic
group of order r = [G : H]. By Theorem 11 ([8]), an irreducible component of the Hilbert
scheme of H-equivariant sheaves on C3, denoted by Y1 = H-Hilb(C
3), gives a resolution of
singularities f1 : Y1 → C
3/H such that KY1 = f
∗
1KC3/H . Moreover there is an equivalence
Db([C3/H]) ∼= Db(Y1) of triangulated categories.
By construction, the quotient group Zr acts on Y1. Let π1 : Y1 → X1 = Y1/Zr be the
natural projection, and f¯1 : X1 → X = C
3/G the induced projective birational morphism.
We define a Q-divisor B1 on X1 by π
∗
1(KX1 + B1) = KY1 . The coefficients of B1 belong
to the standard set {1 − 1/e | e ∈ Z>0}. The quotient pair (X1, B1) has only toroidal
KLT singularities and in the following sense: X1 has an e´tale covering {U} with reduced
divisors B¯U such that supp(B1)∩U ⊂ B¯U and that the pairs (U, B¯U ) are toroidal without
self-intersection.
Let π2 : C
3/H → X be the quotient map and define aQ-divisorB onX by π∗2(KX+B) =
KC3/H . Since f
∗
1KC3/H = KY1 and π
∗
2(KX+B) = KC3/H , we have f¯
∗
1 (KX+B) = KX1+B1.
Here we note that H does not contain quasi-reflections, but G may do so that B may be
non-zero. We have the following commutative diagram:
Yyg
Y1
pi1−−−−→ X1
f1
y yf¯1
C3
pi3−−−−→ C3/H
pi2−−−−→ X
We take a maximal Q-factorial terminalization g : Y → (X1, B1) by Theorem 17. It
is automatically locally toroidal, i.e., toroidal on each U with respect to (U, B¯U ). Hence
Y has only isolated terminal quotient singularities. By classification, they are quotient
singularities of types 1ri (ai,−ai, 1) for coprime integers ri, ai with 0 < ai < ri. We write
g∗(KX1 +B1) = KY +BY + EY , where BY is the strict transform of B1.
Let f = f¯1 ◦ g : Y → X. Then we have f
∗(KX + B) = KY + BY + EY . Since Y is
a highest model which satisfies this equality with BY + EY effective, f is also a maximal
Q-factorial terminalization of (X,B).
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Step 2.
We obtained equalities of log canonical divisors in the previous step. We check the
corresponding equivalences and fully faithful embeddings of the derived categories.
First by Theorem 11, we have Db([C3/H]) ∼= Db(Y1). Since Zr acts on [C
3/H] and Y1
compatibly, we have Db([C3/G]) ∼= Db([Y1/Zr]). We note that the Deligne-Mumford stack
[Y1/Zr] coincides with the one associated to the pair (X1, B1).
By Theorem 17, g : Y → X1 is decomposed into a sequence of locally toroidal birational
maps
Y = Y0 99K Y1 99K · · · 99K Ym = X1
such that each αi : Yi−1 → Yi is either a divisorial contraction or a flip, and that KYi−1 +
BYi−1 ≤ KYi +BYi for all i, where the BYi are the strict transforms of B1.
We apply Theorem 8 to the following inequalities of the log canonical divisors:
KY ≤ KY +BY = KY0 +BY0 ≤ · · · ≤ KYm +BYm = KX1 +B1.
For each inequality, several semi-orthogonal components are cut out from Db([Y1/Zr]),
and each component is equivalent to the derived category of a Deligne-Mumford stack
above certain center, i.e., an irreducible component of BY for the first inequality, and an
irreducible component of the image of the exceptional locus of the birational map for the
rest. If the Deligne-Mumford stacks are associated to pairs, then they are further semi-
orthogonally decomposed by the first case of Theorem 8. Thus we obtain toroidal varieties
Z1, . . . , Zl′ proper above X1 such that there is a semi-orthogonal decomposition
Db([Y1/Zr]) = 〈D
b(Z˜1), . . . ,D
b(Z˜l′),D
b(Y˜ )〉
where the Z˜i are the smooth Deligne-Mumford stacks associated to the Zi.
We note that, although the toroidal structures are defined only e´tale locally over X1,
the centers Zj are defined globally above X1. Indeed if some Zj is above a curve on X1,
then the maximal Q-factorial terminalization along generic points of the curve is unique,
hence they glue together.
Let di = dimZi ≤ 2. If di = 0, then Zi is a point above the origin of X. In this case
Db(Z˜i) is generated by an exceptional object.
If di = 1, then Zi is a smooth curve. It is either projective above the origin, or projective
above the 1-dimensional singular locus of X. We shall prove that Zi is a rational curve
in either case in the next step. Therefore if Zi is projective, then D
b(Z˜i) is further semi-
orthogonally decomposed into the derived categories of points.
If di = 2, then Zi is a normal surface with only quotient singularities. It is either
projective above the origin, projective above the 1-dimensional singular locus of X, or
above the image of a hyperplane which corresponds to a quasi-reflection in G. In the first
case, Zi is covered by rational curves by Theorem 13. Therefore D
b(Z˜i) is further semi-
orthogonally decomposed into the derived categories of curves and points. In the second
case, Zi is covered by rational curves contained in the fibers over points of X1, and D
b(Z˜i)
is again further semi-orthogonally decomposed into the derived categories of curves and
points. In the last case, Db(Z˜i) is semi-orthogonally decomposed into the derived categories
DERIVED MCKAY CORRESPONDENCE FOR GL(3,C) 15
of the minimal resolution of the quotient surface and points. We shall also prove that the
curves appearing in these decompositions are all rational in the next step.
Step 3.
The curves appearing in Step 2 are compactified to smooth projective curves above P3,
and also appear in the parallel SOD of Db([Pn/G]). Suppose that one of these curves C
has a positive genus. By Theorem 14, we have HH1(C) ∼= H
0(C,Ω1C) 6= 0, a contradiction.
Therefore only rational curves appear.
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